Introduction. Let S be a discrete semigroup, m(S) the space of bounded real functions on S with the usual sup. norm, and m(S)* the conjugate Banach space of m(S). An element <f>em(S)* is a mean if <p(f)^0 whenever/^0 and <j>(\)=l, where 1 denotes also the constant one function on S.
={x;0Sx^l}.
If «S* is a left amenable semigroup, define the following relation between elements of S: a~b iff as = bs for some s in S. The relation ~ is an equivalence relation which is two-sidedly stable (or a congruence), i.e., if a~b, then as~bs and sa~sb for any s in S (since S is left amenable) (see [3, p. 371] and Ljapin [1, p. 39 
]).
If se S, let s' stand for the equivalence class to which s belongs and let S' = {s';se S}. A multiplication between the elements of 5" can be defined by s't' = (st)'. This multiplication is well defined and associative, rendering thus 5" a semigroup (since ~ is a congruence. See Ljapin [1, pp. 265-266] ). Furthermore, S" has right cancellation (and coincides with S if S has right cancellation).
It has been shown by this author in [4] (Corollary to Lemma 1) that, if S has right cancellation, is left amenable and contains an element of infinite order, then the range of any invariant mean on m(S) contains the set of rationals in [0, 1] . Moreover, if O^r^l is a rational number, then there is a set A<=S such that <f>(A) = r for any left invariant mean <f> on m(S).
T. Mitchell has even suggested orally a proof to show that, for the above considered semigroup S, the range of each left invariant mean <f> on m(S) is the whole Unfortunately, we do not know how to prove this result. But we know how to prove something close to it.
Call a group G an AB group if: (a) G is amenable, (b) each element of G has finite order, (c) each infinite subgroup of G is not locally finite (a group is locally finite if each finitely generated subgroup is finite), (d) G is an infinite group.
We doubt whether AB groups exist at all, since if G were an AB group, then each of its infinite subgroups would contain a subgroup which would provide a counterexample to Burnside's conjecture and would be in addition, amenable.
The main result of this paper is the Theorem 3. Let S be a left amenable semigroup for which S' is not an AB group. Then the range of each left invariant mean on m(S) is the whole [0, 1] interval if and only if S' is infinite.
It comes out that if S' is not an AB group, then m(S) admits a left invariant mean whose range is not the whole [0, 1] interval, if and only if S" is a finite group. In this case, there is even a left invariant mean on m(S) (which may annihilate single point sets) whose range is the set {k/n; k = 0, 1,..., «}, where n is the order of S'.
We prove in fact, more than stated in the above theorem, namely that if 5" is an infinite non-¿L group, then there is a class of subsets of S {A(x), O^xfS 1} which satisfies .4(0)= 0, A(l) = S, A(x)^A(x') if Oáx^x'^1 and <f>(A(x)) = x for each left invariant mean 0 e m(S)* and each O^x^ 1. In particular, the range of a left invariant mean is attained on the class of sets A<=S, for which <f>(A) is constant when 0 ranges over the set of left invariant means.
In conclusion, it is a pleasure to thank T. Mitchell for the friendly and fruitful conversations we had with him. The idea of the proof of Theorem 1 and of the lemma preceding it, was basically suggested by him. If S is a right cancellation semigroup, then c e S has order «^ 1, if n+1 is the first integer which satisfies cn + 1 = c. ce S has infinite order if no such n^ 1 exists.
The main theorem.
Lemma la. Let S be a right cancellation semigroup, ce S an element of infinite Hence, (1) and (2) hold. If now 0<x< 1 and x £ Q and 0 is a c-left invariant mean, then r0(¿) = 0(¿(r)) S 0(¿(x)) s; 0(¿(r')) = r'0(¿) for any r, r' e Q with r<x<r'.
This implies that x(0(¿))á0(¿(x))^x0(¿) since Q is dense in [0, 1], which finishes this proof.
Corollary.
Let S be a right cancellation semigroup, ce S an element of infinite order. There exists a class of sets {¿(x); O^x^ 1} such that: As a consequence of the above corollary, one has that, if 5 is a right cancellation left amenable semigroup, (and in particular an amenable group) which contains an element of infinite order, then the range of any left invariant mean 0 is the whole [0, 1] interval and, moreover, A^S need only range in the class of left almost convergent subsets of S in order that 0(¿) should fill the entire [0, 1] interval.
We ask now what is the range of a left invariant mean when S is a group which is the full direct product of countably many copies of the multiplicative group {-1, 1}. This group is infinite and each of its elements has order two. The above theorem does not answer this question. Another question is what is the range of a left invariant mean on the group of all the permutations of the integers which leave all but a finite number of integers fixed. Both these groups are locally finite infinite groups. We shall show that if G is any amenable group which contains a locally finite infinite group, then the range of any left invariant mean 0 on m(G) is the whole [0, 1 ] interval. We show even more than that in Theorem 2.
Notation. G will denote a discrete group with identity e. If /7<= G is a subgroup of G then G\H will always stand for the set of right cosets of G with respect to H, i.e., for {Hg; g e G). We say then that A={ga; a e I}<^G is a set of representatives (1) A(O)=0,A(l) = G.
(2) Ifrx<r2 with rx, r2 e Q, then A(rx)cA(r2). (3) <f>(A(r)) = r for each r e Q and each S-left invariant mean <j> e m(G)*.
Proof. Choose for each « a fixed set Rn of representatives of SJSn_x with e e Rn. Since Sn is a proper subgroup of Snfl, we have that pnqn=pn + x for some <7"ä2 and Rn contains qn_x elements. Furthermore, ß"cß" + i for each n (since k\pn = kqjpn + x). Consider the sets Vn constructed in Lemma 3 with respect to the Rn's. We construct the sets A(r) for r e Qx as follows : Assume that We have thus constructed sets ¿(r), re Qn + 1, which coincide with the sets ¿(r) given by the induction hypothesis for r e Qn, such that ¿(l//>n + i)= Vn + 1 and for some enumeration of Sn + x={sxn + 1), ■.., SpW1}}, with Sxn + 1) = e, we have that Mir-) -Û «iB+1)K-+i far I S * S pn + 1.
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We can hence assume that there exists a class of subsets of G, {A(r) ; r e Q} such that ¿(0)= 0, ¿(1) = G and such that for each n there is an enumeration of Sn, Sn={si*\...,s™} with e = s{n) such that A(k¡pn) = \JÍ=1 s\nyVn for l^Â:^/>n and ¿(0)= 0. (The delicate point here is that A(r) does not depend on the particular representation of r as kjpn.) If r, r' e Q with r<r', say, then r, r' e Qn for some n. Hence, r = k\pn<k'\pn = r' and so A(r) = \J{sf)Vn<=-\J( sf')Vn = A(r'). If either x e Q or x' e Q, then clearly A(x)<^A(x'). If x and x' are not in Q, then let re Q be such that x<r<x'.
Then A(x)<= A(r)<^A(x'). Let now <f> be any S-left invariant mean on m(G) and 0 = x ^ 1 with x $ Q.
If r, r' e Q are such that r<x<r', then r' = <p(A(r')) Ï <f>(A(x)) í <}>(A(r)) = r.
Since Q is dense in [0, 1], <l>(A(x)) = x, which finishes the proof. Remark. If G contains an element a of order two and <f> is a mean whose range is {0, 1}, then ^(La<l>+La2<p) is an a-left invariant mean whose range is {0, \, 1}.
Let 5 be a semigroup. S is said to be periodic if for any se S there is some n ^ 1 such that sn is an idempotent (see Ljapin [1, p. 113] ). We shall subsequently need the following:
Lemma 4. Let S be a right cancellation left amenable semigroup which is periodic.
Then S is a groupe).
Proof. Let E be the set of all idempotents of S. For e e E, let Re = {a e S; ar = e for some rä 1}. If ex, e2 eFand ari=ex ar^ = e2 for some ae S, then ex=ar^r^ = e2.
Hence, Rei n Re2 =0 if ex^=e2 and Re n E={e} for each e e E. (For this argument,
Re contains a right ideal for each e e E. In fact, if ae S, then (ea)n is an idempotent for some «^ 1. Hence (ea)2n = e(ea)n which implies by the right cancellation that (ea)n = e. Therefore, eS<^Re. Since 5 is left amenable, any two right ideals have nonvoid intersection and, therefore, Rei n Re2 / 0 for ex, e2 e E.
This implies that S contains a unique idempotent and, since the right cancellation is present, we get by Ljapin [1, p. 113 ] that S is a group. Remark 4. In particular, any finite right cancellation left amenable semigroup is a group (which is well known).
Lemma 5. Let S be a left amenable semigroup for which S' is finite and contains 0 < n < oo elements (necessarily S' is a finite group). Then there is a left invariant mean then (f>x(Ak) = k¡n for any left invariant mean <j>x on" m(S) and, in particular, the range of the above defined left invariant mean 0 is exactly the set {kjn; k-0,1,...,«}.
This range is attained on the class of left almost convergent subsets of S.
Remark 5. For each 0 < n < oo there is a countable commutative (left) amenable semigroup S such that S' has order n and each (left) invariant mean on m(S) annihilates single point sets. Let F={1, 2,...} with the multiplication ij=ma.\ {i,j} and let G be the cyclic group of order n. Then S=Tx G is (left) amenable since it is commutative. Assume that (t0, g0) e S is such that 0 < d= >p{(to, go)} for some left invariant mean ^ on m(S) and let e be the identity of G. Since (t, g0~ OOo, go) = (t, e) if t = t0, we get that i/>{(?0 + k, e)}}tdfork=l,2,... which implies that 1 ^ifi{(t0+l,e),...,(t0 + k,e)}^kd for any k. Hence, d= 0 and any left invariant mean on 5" annihilates single point sets. It remains to be shown that the order of 5' is n. We show that a' = b' if and only if a, be (T, g) for some\g e G. If a=(tx, g), b = (t2, g) and r=max (tx, t2), then (tx, g)(t, e) = (t, g) = (t2, g)(t, e). Hence, a' = b'. Conversely, if a' = V and a=(tx, gx), b = (t2, g2) then for some (t, g) e S, (tx, gx)(t, g) = (t2, g2)(t, g). Hence, gxg=gig or gi = g2-Therefore, a, b e (T, gx). Thus, {(T, g);geG} are the different equivalence classes which give rise to the different elements of S'. It can be readily checked that S' is isomorphic to G in this case.
Lemma 6. Let P: S-*■ T be a homomorphism of the left amenable semigroup S onto the semigroup T. Assume that there is a family of subsets ofT, {B(x); 0^*= 1} which satisfies:
(1) B(O)=0,B(l) = TandB(x)cB(x')ifOSx<x'Sl. 
